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Roadmap. We first reduce spiking synaptic input to a firing rate description,
then analyse the linear recurrent network and its eigenmodes (selective amplifi-
cation, integration, line attractors). We then turn to discrete point attractors in
the Hopfield network, generalise the energy function to continuous-valued rate
networks, and finally construct a continuous attractor in the ring model.

A question to carry through both lectures. Everything below is governed by
one object, the recurrent weight matrix J, and the question is always what
its spectrum does. Here we meet two structured choices: a low-rank, outer-
product J built from stored patterns (Hopfield), and a translation-invariant J
whose eigenvalues are simply its Fourier coefficients J0 and J1 (the ring). In the
next lecture we take J with independent random entries, and the same question
is answered by the circular law and a transition to chaos.

Modeling synaptic inputs

The synaptic current Is could be described by the following equation

Is = ḡsP (V − Es), (1)

where P is the neurotransmitter release probability. If we consider the fact that
the rising time has certain delay τr, one could use the following equation

P =
Pmaxt

τr
exp(−t/τs).

However, when τr ≪ τs, we may assume that the release probability approaches
some constant value Pmax immediately after the action potential arrives at time
tk, and then decays with a time constant τs: P = Pmaxe

−(t−tk)/τs , for t > tk.
The current that depolarizes the cell is −Is = ḡsP (Es−V ). If the membrane

potential stays far from the reversal potential, the driving force Es−V changes
little during a synaptic event and can be treated as constant. We may then
define the synaptic weight

J = ḡsPmax(Es − V ),
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which is positive for an excitatory synapse (Es > V ) and negative for an in-
hibitory one. The total synaptic drive is obtained by summing over all spikes
in the past,

Is = J
∑
k

K(t− tk),

where K(t) = Θ(t) exp(−t/τs) and Θ is the Heaviside step function. In the form
of a differential equation, this can be rewritten as

τs
dIs
dt

= −Is + τsJ
∑
k

δ(t− tk) (2)

When we are summing synaptic inputs coming from many neurons, the total
synaptic currents become

τs
dIis
dt

= −Iis + τs
∑
j

Jij
∑
k

δ(t− tj,k) (3)

Note that the synaptic conductance ḡs carries a subscript throughout; in the
next lecture g without a subscript will denote the coupling gain of a random
network, an unrelated quantity.

Firing rate model with dynamics

In previous lectures, we have discussed the integrate-and-fire model, and how
a deterministic spiking pattern would arise given a constant external input.
However, each neuron receives time-varying inputs from thousands of other
neurons, and experimental data have shown that the spike timing for a cortical
network is stochastic, making it difficult to treat Equation 2. Indeed, spiking
models impose a great computational and practical challenge. To ameliorate
these difficulties, we shall substitute the spiking variable ρ(t) =

∑
k δ(t − tk)

with the firing rate r(t).
Now in a firing rate model, Equation 2 is changed to

τs
dIs
dt

= −Is + τsJr(t)

Summing up the synaptic inputs from all the neurons, we shall have

τs
dIis
dt

= −Iis + τs

N∑
j=1

Jijrj(t), (4)

where j denotes presynaptic neuron j.
Equation 4 shows how the synaptic current of a neuron depends on the firing

rate of all presynaptic neurons. To finish formulating the firing rate model, we
should also specify how the firing rate of the postsynaptic neuron ri depends
on the total synaptic input Iis. Recall that the membrane potential of a neuron
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could be modeled as a low-pass filter of the applied external input. Motivated
by this observation, the firing rate of the postsynaptic neuron may be written
as

τr
dri
dt

= −ri + ϕ(Iis(t)) (5)

I must emphasize that this is a phenomenological characterization. It describes
how rapidly the postsynaptic firing rate follows the time-varying synaptic cur-
rent. ϕ(·) is a nonlinear function of the synaptic current, say ϕ(Is) = [Is − γ]+.
Note that τr is not the same as the membrane time constant τm, for the latter
is used to describe the membrane potential.

Equations 4 and 5 provide a complete description of the firing rate model.
In the limit τs ≪ τr, the synaptic current relaxes to its steady state Iis =

τs
∑N
j=1 Jijrj(t) much faster, and Equation 5 becomes

τr
dri
dt

= −ri + ϕ

 N∑
j=1

Jijrj(t)

 (6)

Note that in practice τs has been absorbed into the synaptic weight Jij .
In the opposite limit τr ≪ τs, we shall write

τs
dIis
dt

= −Iis + τs

N∑
j=1

Jijrj(t),

ri = ϕ(Iis(t))

(7)

Feedforward and Recurrent Networks

There are two basic network topologies, the feedforward network and the recur-
rent network. The feedforward network has Nv output units with firing rates vi
(i = 1, 2, . . . , Nv), denoted collectively by the vector v, driven by Nu input units
with rates u. The feedforward synaptic weights form a matrix W, whose com-
ponent Wij represents the strength of the synapse from input unit j to output
unit i.

τr
dv

dt
= −v + ϕ(W · u) (8)

The recurrent network also has two layers of neurons with rates u and v.
But now the output layer is also interconnected, with a recurrent weight matrix
J. In this case, the output firing rates are determined by

τr
dv

dt
= −v + ϕ(W · u+ J · v) (9)

From here on, W always denotes feedforward weights and J always denotes
recurrent weights.
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It is often convenient to define the total feedforward input to each neuron
as a vector h = W · u. Then, the output rates are

τr
dv

dt
= −v + ϕ(h+ J · v) (10)

Neurons are typically classified as either excitatory or inhibitory, meaning
that they have either excitatory or inhibitory effects on all of their postsynaptic
targets. This property is formulated as Dale’s law, which states that a neuron
cannot excite some of its postsynaptic cells and inhibit others. This rule im-
poses a strong constraint on the weight matrix: the sign of Jij is fixed by the
presynaptic index j, so that every entry in a given column of J has the same
sign.

Remark on two conventions

Equation 10 is rate-based : the rate is the dynamical variable and the nonlinearity
acts on the summed input. The alternative is not a new postulate. Substituting
ri = ϕ(Iis) into Equation 7 eliminates the rate and moves the nonlinearity inside
the sum; renaming the current x, absorbing τs into the weights and restoring
the feedforward input,

τr
dx

dt
= −x+ Jϕ(x) + h. (11)

The two conventions are thus the opposite orderings of τs and τr, each with its
fast variable eliminated.

They are more closely related than that suggests. Put x := Jv+h and left-
multiply Equation 10 by J; using J dv/dt = dx/dt and Jv = x − h, the result
is exactly Equation 11. The two are the same flow in two coordinate systems.

This rests on two assumptions. (i) h is constant: with h(t) an extra term
τr dh/dt appears, so the conventions filter a time-varying stimulus differently
even though their steady states agree. (ii) J is invertible, otherwise the map
is a projection rather than a change of variables — not an exotic case, since
the Hopfield matrix below has rank P ≪ N . Note finally that v = J−1(x− h)
equals ϕ(x) only at a fixed point, so what is called the firing rate differs between
the two conventions during a transient.

Equation 11 is the form used in the next lecture, since it is the one for which
dynamic mean-field theory is cleanest:

∑
j Jijϕ(xj) is a sum of many weakly

correlated terms, which for random J can be replaced by a Gaussian field.

The linear recurrent network and its energy func-
tion

Now let’s consider some special cases of Equation 10. For example, take away ϕ
and consider a linear relationship between firing rate and synaptic current. This
is a drastic assumption, as it would allow v to be negative, which is impossible.
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Nevertheless, the linear model is extremely useful for exploring properties of
recurrent circuits, as we will see below. In this case, the equation becomes

τr
dv

dt
= −v + h+ J · v (12)

This is the linear recurrent neural network.
Next, let us ask when these dynamics can be written as gradient descent on

a scalar function,

τr
dv

dt
= −∇E (13)

It is clear that

dE

dt
=

N∑
i=1

∂E

∂vi

dvi
dt

= ∇ET dv
dt

(14)

Thus
dE

dt
= − 1

τr
∥∇E∥2 ≤ 0

so E can only decrease along a trajectory. If we can find an energy function
satisfying

(I− J)v − h = ∇E,

we must have

(I− J)ij =
∂2E

∂vi∂vj

Since second partial derivatives commute, this requires the recurrent weight
matrix J to be symmetric, J = JT . Indeed, the energy function we can come
up with is

E =
1

2
vTv − 1

2
vTJv − hTv (15)

Note that symmetry is exactly what Dale’s law forbids in a network with both
excitatory and inhibitory cells; the energy function is therefore a mathematical
convenience rather than a biological statement. It is also the property that fails
completely for the random J of the next lecture, which is why chaos becomes
possible there.

Eigenmode analysis and selective amplification

Now let’s consider the case where J is symmetric. A real symmetric matrix can
be diagonalised by an orthonormal set of eigenvectors eµ for µ = 1, 2, . . . , Nv,

Jeµ = λµeµ, eµ · eν = δµν .

In particular, we can use this basis to represent

v(t) =

Nv∑
µ=1

cµ(t)eµ
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Plugging this back into Equation 12, we have

τr

Nv∑
µ=1

dcµ(t)

dt
eµ = −

Nv∑
µ=1

(1− λµ)cµ(t)eµ + h.

The sum over µ can be eliminated by taking the dot product with eµ on
both sides, and by using eµ · eν = δµν we have

τr
dcµ(t)

dt
= −(1− λµ)cµ(t) + eµ · h.

The solution to this equation is given by

cµ(t) =
eµ · h
1− λµ

[1− exp(−t(1− λµ)/τr)] + cµ(0) exp(−t(1− λµ)/τr)

Each mode relaxes with its own effective time constant τr/(1−λµ). Provided
λµ < 1 for every µ, the network is stable and the steady state firing rate is given
by

v∞ =

Nv∑
µ=1

eµ · h
1− λµ

eµ

Modes with λµ close to 1 are both strongly amplified and slow: this is selective
amplification, and it is the mechanism behind the ring model at the end of the
lecture. Modes with λµ > 1 grow without bound, and a nonlinearity is needed to
stabilise them. The condition maxµ λµ < 1 is the first appearance of a criterion
we will meet repeatedly; for a non-symmetric J it becomes a statement about
the rightmost point of the eigenvalue spectrum in the complex plane.

Input integration and short term memory

If the recurrent weight matrix has an eigenvalue exactly equal to 1, λ1 = 1, and
all the other eigenvalues satisfy λµ < 1, a linear recurrent network can act as
an integrator of its input. In this case, c1 satisfies the following equation

τr
dc1
dt

= e1 · h.

For arbitrary time-dependent inputs, the solution is given by

c1(t) = c1(0) +
1

τr

∫ t

0

dt′ e1 · h(t′)

Now let’s imagine that h represents a sensory stimulus presented to the net-
work. If this input is transient, that is h(t) = s0δ(t − t0), then the stimulus
representation can be stored persistently within the network,

c1(t) = c1(0) +
e1 · s0
τr

, t > t0.
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Because c1 can take any value, the set of steady states forms a continuous one-
dimensional manifold of fixed points: a line attractor. This is the idealisation
of the oculomotor integrator, and it also illustrates the fragility of such models,
since λ1 = 1 must hold exactly.

In general, during a working memory task, we would like to hold the percept
of a past memory in the neural circuit for an indefinite period of time. Con-
ceptually, this means that the representation of the sensory stimulus should be
time invariant during that period. Mathematically, this means that

ds

dt
= 0 (16)

In the linear coding framework, the representation of a sensory stimulus s is a
linear combination of each neuron’s receptive field, which can be viewed as a
feature vector di, weighted by the activity of that neuron

s =
∑
i

ri(t)di (17)

Writing everything in matrix form, where D = {d1,d2 . . .} and r = [r1, r2 . . .]
T ,

we have
s = Dr

Equation 16 can now be written as∑
i

di
dri(t)

dt
= 0 (18)

If each neuron encodes a different feature vector di and all these feature vectors
are linearly independent, then we must have

dri(t)

dt
= 0

for all neurons. This leads to the time-invariant persistent activity discussed
above. However, if these feature vectors are not linearly independent, then even
if individual neurons have time-varying activity patterns, the representation as
a whole can still remain constant. We now decompose the activity vector into
two terms, namely

r(t) = DT (DDT )−1s+ r⊥(t) (19)

where
Dr⊥(t) = 0, (20)

so that r⊥(t) belongs to the null space of D.
The geometrical meaning of the null space is the following. The row vectors

of D span a subspace of the N -dimensional activity space, and r⊥ is any vector
orthogonal to that subspace. Activity may drift freely along the null space
without changing what the population represents.
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Now let’s consider a recurrent neural network

τr
dr

dt
= −r+ Jr (21)

Plugging 21 into Equation 16, we have

D(−r+ Jr) = 0 (22)

We impose that this should be true for all activity patterns. As a result, we
find that

D = DJ (23)

Again, consider the eigenvectors eµ for µ = 1, 2, . . . , Nv satisfying

Jeµ = λµeµ

Equation 23 thus requires that

Deµ = λµDeµ (24)

This equation has only two possible solutions. First, λµ = 1: this is the familiar
one-dimensional persistent activity. And second,

Deµ = 0,

that is, the eigenvector of the recurrent matrix belongs to the null space of the
dictionary, and activity along it is invisible to the readout.

Long term memory: the Hopfield network

In a modern computer, memories (in bits) are stored at different physical ad-
dresses. However, in our daily life, recall of a memory item may be triggered by a
partial or approximate version of the stored item. This is called associative mem-
ory, which is addressed by content rather than by address: content-addressable
memory.

Above, we discussed short-term memory models in which information is
stored by means of persistent activity: the eye position can be represented
by a stereotyped population activity profile after stimulus onset (in this case,
some bursting motor neuron activity from the brain stem). In that model, the
dynamics is effectively one-dimensional. This idea can be extended to a broader
set of population profiles, which are called memory patterns. Each of these is a
fixed point of the network dynamics. The memory patterns are determined by,
and stored within, the recurrent synaptic weights of the network. To remember
something (memory retention) does not require persistent activity; however, to
recall the memory requires persistent activity of a specific population of neurons.

During recall, an associative memory performs the computational operation
of pattern matching, finding the memory pattern that most closely matches a
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distorted or partial activity pattern. This is achieved by initializing the network
with an activity profile close to one of the memory patterns, letting it relax to
a fixed point, and treating the network activity at the fixed point as the best
matching pattern. Next, we shall discuss a famous and elegant mathematical
model that instantiates the above ideas: the Hopfield network.

Model definition and storage of a single pattern

In the Hopfield network, we make the even more drastic assumption that the
activity of a neuron is a binary variable, si ∈ {+1,−1}. In the deterministic
version of this model, the state of a cell is set according to

si = sgn

∑
j

Jijsj + hi

 , (25)

where hi is the external input to a neuron. We consider an asynchronous update
rule (choosing either a random or a fixed update order, and updating one si at
each clock cycle). We also take Jij = Jji and Jii = 0; both will matter for the
energy argument below.

The basic problem setup is that we want to store a number of patterns ξµ

(µ = 1, . . . , P ) in the connection matrix of the network. Therefore, we require
that ξµ be a stable fixed point of the network. Let us denote a single pattern
by ξ = [ξ1, . . . , ξN ]. The condition for ξ to be a fixed point of the network
dynamics is

ξi = sgn

∑
j

Jijξj

 (26)

So we need a matrix J satisfying the above equation. Let’s choose Jij = c ξiξj
with c > 0; clearly the equation is then satisfied, since

∑
j ξ

2
j = N > 0. Choosing

the constant of proportionality as c = 1/N , we have Jij = 1
N ξiξj . This is a

Hebbian rule: the weight is positive between pairs of neurons that are co-active
in the pattern. Note that J here is a rank-one matrix, the outer product of the
pattern with itself.

Storing many patterns and the crosstalk term

What if we want to store multiple patterns ξµ (µ = 1, . . . , P ) in the connection
matrix? A straightforward generalization of the synaptic weight matrix suggests

Jij =
1

N

P∑
µ=1

ξµi ξ
µ
j (27)

which is a matrix of rank P .
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Why might this work? Let us plug this into the update rule; the fixed point
condition for storing memory pattern ξν requires that

ξνi = sgn

ξνi +
1

N

N∑
j=1

P∑
µ̸=ν

ξµi ξ
µ
j ξ

ν
j

 (28)

Note that the ξµi are uncorrelated random variables with mean zero and variance
1. Thus the second term on the right hand side (the crosstalk term) has mean
0 and variance NP/N2 = P/N . In the limit P ≪ N this term is smaller than
1, and ξν is a stable fixed point.

Spurious states

Given the synaptic weight matrix defined above, we have shown that the desired
patterns ξµ are stable fixed points of the network dynamics in the limit P ≪ N .
However, they are not the only stable fixed points; many others exist. A non-
trivial example is any mixture of an odd number of memory patterns, such
as

ξmix = sgn(ξµ1 + ξµ2 + ξµ3) (29)

To see this, let’s plug this into the update rule:

∑
j

Jijξ
mix
j =

1

N

∑
j

P∑
µ=1

ξµi ξ
µ
j ξ

mix
j

=
1

N

∑
j

ξµ1

i ξµ1

j ξmixj +
∑
j

ξµ2

i ξµ2

j ξmixj +
∑
j

ξµ3

i ξµ3

j ξmixj + crosstalk terms


Looking at this equation, the mean value ⟨ξµ1

j ξmixj ⟩ is 3
4 (+1) + 1

4 (−1) = 1
2 ,

because ξmixj agrees with ξµ1

j in three of the four equally likely sign combinations
of the other two patterns. Thus∑

j

Jijξ
mix
j =

1

2
(ξµ1

i + ξµ2

i + ξµ3

i ) + crosstalk term

Ignoring the crosstalk term (it is small when P ≪ N), we confirm that the right
hand side has the same sign as ξmixi , and this spurious memory pattern is also
a stable fixed point.

Storage capacity

The probability of error-free recall of a stored pattern of N neurons is (1 −
Perror)

N ≈ 1 − NPerror. The Perror for a single neuron can be calculated as
follows. The crosstalk term is approximately Gaussian with zero mean and
variance σ2 = P/N , and an error occurs when it exceeds the signal, of size 1,
and has the opposite sign:
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Perror =
1√
2πσ

∫ ∞

1

exp

(
− x2

2σ2

)
dx =

1

2

[
1− erf

(√
N/2P

)]
(30)

Note that in the limit x→ ∞, 1− erf(x) ≈ exp(−x2)√
πx

. Now if we require that

Perror < 0.01/N , we obtain

logPerror ≈ − log 2−N/2P − 1

2
log π − 1

2
log(N/2P ) < log 0.01− logN

Taking the leading order in N , we obtain

N/2P > logN, i.e. Pmax ∼ N

2 logN
(31)

If instead we tolerate a small fixed fraction of incorrect bits in the retrieved
pattern, rather than demanding error-free recall, the capacity is proportional to
N : the classical result of Amit, Gutfreund and Sompolinsky is Pmax ≈ 0.138N ,
beyond which the retrieval states abruptly disappear.

Energy landscape of the Hopfield model

A more physical way to think about the dynamics in the Hopfield model is to
consider an energy landscape, defined by

E = −1

2

∑
i,j

siJijsj −
∑
i

hisi (32)

It is easy to show that the update rule does not increase E. Suppose neuron i
is updated from si to s

∗
i while all other units are held fixed. Using Jii = 0 and

Jij = Jji, the energy change is

∆E = − (s∗i − si)

∑
j

Jijsj + hi

 ≤ 0,

since s∗i = sgn
(∑

j Jijsj + hi

)
has the same sign as the bracket. The energy is

bounded below and decreases at every flip, so the asynchronous dynamics must
converge to a local minimum: there are no limit cycles and no chaos.

Now by substituting the expression for the synaptic weight matrix, Equation
27, and setting h = 0, we have

E = − 1

2N

∑
ij

si

(
P∑
µ=1

ξµi ξ
µ
j

)
sj = − 1

2N

P∑
µ=1

(∑
i

ξµi si

)∑
j

ξµj sj

 (33)

Writing in vector form, the energy function can be rewritten as

E = − 1

2N

P∑
µ=1

(ξµ · s)2 (34)
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The energy is therefore lowest when the state has a large overlap with one of
the stored patterns, which is exactly the statement that the memories sit at the
bottom of the landscape.

Energy landscape for continuous-valued networks

The Hopfield construction above relies on binary units. We now show that
a similar energy function exists for the continuous-valued rate network, under
certain conditions. As before, by analogy with mechanics, a ball moves downhill
on the landscape and the steady state is a local minimum.

Let’s consider

τr
dv

dt
= −v + ϕ(h+ J · v), (35)

where ϕ, the activation function, specifies the relationship between steady state
firing rate and total synaptic input current; we assume it is monotonically in-
creasing and invertible, so ϕ′ > 0. To this end, let us define the instantaneous
output

r = ϕ(h+ J · v),
with inverse ϕ−1. This plays the role that s played in the Hopfield network
above; we reserve s for binary spins. The energy function is defined as

E = −1

2

∑
ij

riJijrj −
∑
i

hiri +
∑
i

G(ri),

G(ri) =

∫ ri

0

ϕ−1(x)dx

(36)

Next we shall prove that for a symmetric and nonsingular weight matrix J,
dE
dt ≤ 0 and E is bounded from below for a biologically plausible activation
function ϕ. To show this, note that

dE

dt
=
∑
i

∂E

∂ri

dri
dt

Substituting the expression for E, the quadratic term contributes twice, and

dE

dt
= −1

2

∑
i

∑
j

Jijrj
dri
dt

+
∑
j

∑
i

riJij
drj
dt

−
∑
i

hi
dri
dt

+
∑
i

ϕ−1(ri)
dri
dt

If the synaptic weight matrix is symmetric, Jij = Jji, the above is further
simplified. In matrix form,

dE

dt
=
[
−Jr− h+ ϕ−1(r)

]
· dr
dt

We next derive the explicit expression for drdt . Writing ϕ′ for the diagonal matrix
diag(ϕ′(hi + (Jv)i)),

dr

dt
= ϕ′J

dv

dt
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We can further express v in terms of r using the inverse function ϕ−1:

v = J−1[ϕ−1(r)− h],

and

τr
dv

dt
= −v + r = −J−1[ϕ−1(r)− h] + r.

Thus,

τr
dr

dt
= ϕ′[−ϕ−1(r) + h+ Jr]

As a result, the rate of change of the energy function is

dE

dt
= − 1

τr

∑
i

ϕ′i
[
h+ Jr− ϕ−1(r)

]2
i
≤ 0 (37)

where the inequality uses ϕ′ > 0. The energy function is bounded from below
provided r does not diverge. Indeed, this is a biologically plausible assumption:
no neuron can have an excessively high firing rate. In practice, ϕ is chosen as a
sigmoidal function so that its value saturates for high synaptic currents.

Nonlinear Ring Model

We have talked about working memory in the context of encoding a continuous
variable such as eye position in the oculomotor integrator of the goldfish, in
which the firing rates of a group of neurons vary monotonically with eye position.
The neural activity can be viewed as a projection of the stimulus onto a one-
dimensional vector (an eigenvector of the recurrent connectivity matrix, for
example), and this is the so-called line attractor. In a second scheme, neural
activity may represent selective features of the external world: for example,
each neuron has a preferred spatial location at which it fires with the highest
rate. Examples are the representation of space in place cells, the coding of head
direction in head direction systems, and orientation selectivity in V1. Unlike
the Hopfield network, whose attractors are isolated points, we shall now build
a network whose attractor is a continuum.

Below, I will discuss how recurrent neural dynamics can implement the sec-
ond scheme, in the abstract setting of an angular variable. This variable could
be the orientation of a bar in the visual field, or the head direction as you move
around. The ring network is a very useful and beautiful framework. From here
on we measure time in units of the rate time constant and set τr = 1, as we
shall do throughout the next lecture. Let us introduce the model

dvi
dt

= −vi + ϕ

 N∑
j=1

Jijvj + I0i

 , (38)
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where ϕ(x) = [x]+ is a rectified linear function and the weights between neurons
are determined by their angular difference and are thus translation invariant,

Jij =
1

N
J(θi − θj), (39)

where θi = −π+ 2πi
N , the kernel J(·) is a 2π-periodic function, and I0i is also 2π-

periodic. Note that the kernel and the matrix are the same object: J(θi−θj)/N
is just the entry Jij written as a function of the angular separation.

In the large N limit, we can replace
∑
j

1
N J(θi−θj)vj(t) by an integral, and

write

∂v(θ, t)

∂t
= −v(θ, t) +

[
1

2π

∫ π

−π
J(θ − θ′)v(θ′, t)dθ′ + I0(θ)

]
+

, (40)

where we have equated 1
N = ∆θ

2π and then taken the limit ∆θ → 0.
Here let us consider the Fourier expansion of the weight kernel and the input.

J(θ) = J0 + J1 cos θ + . . . (41)

I0(θ) = I0 + I1 cos(θ − θ0), (42)

where the external stimulus is centered at θ0; we consider the simplest model
by ignoring the higher order terms in J . Note that J0 < 0 with J1 > 0 is the
familiar ”Mexican hat” arrangement: broad inhibition with local excitation.
Because J is translation invariant, its eigenvectors are the Fourier modes and
its eigenvalues are the coefficients themselves: J0 for the uniform mode and J1/2
for each of the two first harmonics. Everything below is the eigenmode analysis
of the earlier section applied to this particular spectrum.

Now let us consider the steady state solution of the ring model:

v(θ) =

[
1

2π

∫ π

−π
J(θ − θ′)v(θ′)dθ′ + I0(θ)

]
+

(43)

Since cos(θ − θ′) = Re exp(i(θ − θ′)), we can plug in the expressions for J and
I0 and obtain

a0 =
1

2π

∫ π

−π
v(θ′)dθ′ (44)

a1 exp(−iψ) =
1

2π

∫ π

−π
v(θ′) exp(−iθ′)dθ′ (45)

v(θ) = [J0a0 + I0 + J1a1 cos(θ − ψ) + I1 cos(θ − θ0)]+ (46)

where ψ is the phase of the first Fourier mode, that is, the position of the activity
bump on the ring.

Now let us first assume that (1) we are in the linear regime, such that the
argument of the rectification is always positive. Let us make an ansatz that the
solution has the form

ψ = θ0 (47)

v(θ) = J0a0 + I0 + (J1a1 + I1) cos(θ − θ0) (48)
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This is a solution provided that

a0 = J0a0 + I0 (49)

a1 =
1

2
(J1a1 + I1) (50)

In other words,

a0 =
I0

1− J0
(51)

a1 =
I1

2− J1
(52)

And the steady state neural activity is given by

v(θ) =
I0

1− J0
+

2I1
2− J1

cos(θ − θ0) (53)

Let us now define the selectivity index of the input, SIinput = I1/I0, and
assume I1 ≪ I0. The selectivity index of the recurrent network is then

SInetwork =
2(1− J0)

2− J1
SIinput.

There is thus a large amplification of tuning if J1 < 2 but close to 2, even though
the input tuning is weak. This is precisely the λµ → 1 selective amplification of
the eigenmode analysis, since the eigenvalue of the first harmonic is J1/2.

Case 1: what happens when J0 > 1?
Case 2: what happens when J1 > 2? Here, let us consider the special case where
there is no tuned external input, so that I1 = 0. Without loss of generality,
consider ψ = 0. We write v(θ) = [v0 + v1 cos θ]+ = v1[cos θ − cos θc]+, where
v0 and v1 are the uniform and first-harmonic components of the argument of
the rectification, and cos θc = −v0/v1 with v1 > 0; the activity profile is now a
bump of half-width θc. According to Eq. 45, and using v1 = J1a1, we have

v1 =
J1
2π

∫ θc

−θc
v1 exp(−iθ)(cos θ − cos θc)dθ =

J1
2π

∫ θc

−θc
v1 cos θ(cos θ − cos θc)dθ

(54)
where the sin θ part of the integral vanishes by symmetry. As a result, we have

1 = J1
1

2π

(
θc −

1

2
sin 2θc

)
(55)

which determines the bump width θc from J1 alone. Likewise, from the zeroth
Fourier mode,

−v1 cos θc =
J0
2π

∫ θc

−θc
v1(cos θ − cos θc)dθ + I0 (56)
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Now defining

f(θc) =
1

π
(sin θc − θc cos θc),

we obtain

v1 =
−I0

f(θc)J0 + cos θc
(57)

Now let us consider ψ ̸= 0 with I1 = 0. It is easy to show that any ψ is also
a solution when J1 > 2, because the self-consistency condition becomes

v1 =
J1
2π

∫ θc

−θc
v1e

−i(θ−ψ)[cos(θ − ψ)− cos θc]dθ (58)

which is independent of ψ. The network therefore possesses a continuous family
of bump states, one for each position on the ring: a ring attractor. This is
the rotational symmetry of J(θ − θ′) expressing itself as a zero mode of the
dynamics, and it is what allows the bump to be moved smoothly by a weak
tuned input, or to drift when the symmetry is broken by heterogeneity or noise.

In this lecture J has been structured and, apart from the ring kernel’s shift
symmetry, symmetric; the dynamics has consequently always settled onto fixed
points. In the next lecture we draw Jij independently at random, so that J is
strongly non-normal, the energy function no longer exists, and the same transfer
function ϕ leads instead to sustained chaotic activity.
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