Connecting Neurons for Computation

September 14, 2026

Wiring Optimization of the Neural Circuit

“After the many shapes assumed by neurons, we are now in a position to ask
whether this diversity ... has been left to chance and is insignificant, or whether
it is tightly regulated and provides an advantage to the organism. ... we realized
that all of the various conformations of the neuron and its various components
are simply morphological adaptations governed by laws of conservation for time,
space, and material.” Ramon y Cajal

Why do we need axons and dendrites?

Given the high convergence and divergence of a neuron, it is a highly chal-
lenging task how the nervous system might wire itself to save time, space and
material. Below, we will perform a few thought experiments and to argue that
the existence of dendrites and axons, as well as the presence of dendritic spines
could be a consequence of wiring up a large highly connected neuronal network
in an allotted volume. We will also show that the actual lengths of axons and
dendrites are close to the minimum length for a given interconnectivity.

Consider that we are wiring up a neuronal network with N neurons . This
network may be a cortical column, which is thought as a basic functional unit
for brain computation. Within a cortical column, all neurons can potentially
make a synapse with each other. We ask: what could be the design that might
minimize the total wiring volume?

Design I: Point-to-Point Axons

In the first and the simplest design, a synaptic connection between any pair
of neurons requires a dedicated axon, which I call a point-to-point axon. To
estimate the total volume of the wiring, we could use a scaling argument. The
typical length of an axon that is dedicated to make one connection should be
proportional to the linear dimension of the wiring volume R. Let’s denote d as
the diameter of the axon, we have

R? ~ NId?.



Substituting I ~ NR in the above equation, we obtain
R ~ Nd. (1)

A cortical column of a mouse brain contains N = 10° neurons, and the typical
diameter of an axon is d = 0.3um. Substituting these numbers, we found that
R ~ 3 cm, which is much larger than the actual ~ 1 mm size of a cortical
column.

Design II: Axons with en passant synapses

Next, we calculate the volume with branching axons, or axons that make en passant
synapses. In such as design, the axons can make a synapse with every cell body
of a neuron it bypasses. Thus the total length of an axon is given by the number
of neurons, N, times the typical interneuron distance. Assume uniform distribu-
tion of neurons, the typical interneuron distance is given by R/N /3 and thus

we have
|~ N?3R,

and the total volume of the neuropil is
R® ~ Nld* ~ N°/3Rd?.
Rewrite this equation, we obtain
R~ N°/6q. (2)

Clearly, in the large limit of N, having an en passant design is better than
point-to-point axon design, as the leading power over N is smaller. Plugging
N = 10 into the Equation 2, we found that R ~ 4.4mm. However, this is still
much larger than the size of a cortical column.

Design III: Axons and Dendrites

In the axon-only network, each axon has to make its way to every cell body.
Rather than integrating the signal at the cell body, a smarter strategy is to
introduce another process, which we will call dendrites and to meet the axon
halfway. Below we shall calculate the probability that one neuron’s axons could
meet the other neuron’s dendrites.

Axons and dendrites could meet each other if the processes are closer than
segment diameter ~ d. In other words, if the dendritic and axonal segments
could occupy the same voxel with a volume ~ d2, then they can make a synapse
with each other. The probability that axon and dendrites will occupy the same
voxel is given by the product of axonal and dendritic volume filling factor pg q:

P = papa,



where by symmetry

ld?

= T

The total number of voxels in the volume is given by (R/d)3, and the total num-
ber of contacts between axons and dendrites n = P(R/d)3, and our constraint
imposes n ~ 1. Putting the above equation together, we have

Pa = Pd

12d
Now by combining the above equation with R3 ~ Nid? and excluding I, we

found
R~ N?/34, (4)

Comparing equation 4 with the equation 2, the scaling exponent on N is further
reduced.

Design IV: Branching Axons and Spiny Dendrites

Design III may be further reduced by the addition of dendritic spines, which
expand the reach of the dendrites without increasing their length. Spine has a
typical length of 2 um. However, spine has a very narrow spine neck, and its
volume is much smaller than a dendrite with the same length. If we include
spines, then Equation 3 becomes

2s
Now the size of the neural network become
d4/3
2/3
RNN/;ﬁ. (6)

Optimality of the design

Plug Equation 4 back into Equation potential synapse constraint with spine, we
found that the length of the process is given by

2
[ ~ N% (7)

Indeed, this is the minimum length of the axon/dendrite we could achieve. No
other design could reduce the length of the process by order of magnitude.

A derivation of cable equation
As we discussed in the first lecture, neurons have long and branching processes

to integrate synaptic inputs from thousands of other neurons. The total length
of a dendritic arbor is ~ 4 mm. In a single compartment model, a neuron is



assumed to be electrically compact: the spatial variation of membrane potential
around a neuron is ignored. However, this assumption must be relaxed when we
consider electrical signals travel down the long, narrow and cable-like structure
of dendritic and axonal branches. Because neuronal processes are very narrow
(~ 1pm), the variation in the radial direction are negligible compared to the
variation in the longitudinal direction. Therefore, the membrane potential along
a neuronal process can be expressed as a function of a single longitudinal coor-
dinate x and time, V(x,t) and our goal is to solve for this potential.

Let us consider a cable segment with length Ax and radius a. The longitu-
dinal resistance of this segment is given by

Az

R, = PL2T

b
Ta?

and the voltage difference between = and x + Az should follow Ohm’s law:
V(z+ Az) —V(z) = ILRy,

. By taking the limit Az — 0, and divide the equation on both side with Az,
we have

OV ma?
Ip=——u—1. 8
L 9t py (8)

By convention, we let the right flow current to be positive.

In addition to current flowing in the longitudinal direction of the cable segment,
we must also consider current flowing across the membrane, as we have dis-
cussed more extensively in previous lectures. The membrane current has three
components: the first component is used to charge the membrane capacitance;
the second component arises from the opening of voltage-gated ion channels
on the membrane, or the active membrane current I,; the third component is
the external current applied by an electrode or the synaptic inputs, which are
lumped together by I.. Converting words into equation, we have

I =1, +1I., (9)

where ¢, is the specific membrane conductance per unit area and again by
convention, we consider current flowing inside the membrane to be negative.
Now the total current that are injected into one segment should evoke a change
of membrane potential of that segment, and the rate of voltage change depends
on the total capacitance of that segment. So we have

ov
cm27mAx§ =1Irle — Itlotas — Im

Putting things together, we have

oV ma? oV ma? oV
a_. " lz r — . |z — m2 Az —— Ia Ie-
e PL‘+A 5 PL| cm2ma x8t+ +
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Now we denote ¢, as the active membrane conductance per unit area, and . is
the external current per unit area. By dividing both sides of the equation with
2raAx and taking the limit Az — 0, we have
oV a 0*V
Cm— = — ——= —iq(x,t) —te(x, t). 10

m at QPL 8.132 a( ) 8( ’ ) ( )
For simplicity, we ignore the spatial variation of py, and a pulling these param-
eters outside the spatial derivatives.

As we discussed in previous lectures, in general the active membrane current is
voltage dependent, i = ). g;(V)(V — E;). We shall discuss analytical solution
of Equation 10 based on two drastic assumptions. First, a linear approximation
of the active membrane current. Second, we do not consider synaptic currents
in 7., and the external current is solely applied by electrodes. In some cases,
electrode current can mimic the effect of synaptic transmission.

In a linear approximation of active membrane current, we have
ia = g’m(V - EL)?

where F, is the resting potential of the neuron, and g¢,, = 1/r,, is a constant
membrane conductance per unit area, and r,, is specific membrane resistance.
Now by introducing a new variable v = V' — E, the cable equation can be
simplified as
ov  arp 0% .
Cm"“m& = 2L @ — v — Ze(l‘, t)’l“m.

Note that 7, has the dimension Q-mm?, and p;, has the dimension Q-mm, and
thus we could define a critical spatial scale A, called electrotonic length,

arm
A=,/— 11
ore (11)

Moreover, recall the membrane time constant

Tm = CmTm. (12)
We could rewrite the cable equation as

v 0%
Ton—

5 = o2 — U — G (T, )7 (13)

Solution to cable equation
We shall next solve Equation 13 for infinite long cable. For linear systems, we

shall first use point current injection, which corresponds to solve the Green’s
function of a linear system. To begin with, let us consider inject a constant



current at point x = 0. As the current do not change over time, we shall
consider the steady-state solution of membrane potential that is independent of
time. In this case, we have

d2
Azd—xg =V +ieTm
where s
.e __ _te 5
! 2ma (:1:)
U‘x:oo =0

U‘x:—oo =0

To solve this equation , note that for = % 0, we simply have
v = Bexp(—|z|/A).

Now by integrating left and write side of the equation from —e to €, we have

dv dv I.r
D e =
dx dx v(e)e 21a
When € — 0, we found
_ Iery,
T dral

To summarize, for time-independent steady state solution, we have

I,

T dral

exp(—[z|/X) (14)

We now consider the membrane potential produced by an instantaneous pulse
current injected at = 0 and ¢t = 0. We shall derive an analytical solution for
the evolution of membrane potential over time and space. More specifically, our
pulse current has the following functional form

I,

8(x)3(t)

Again we have the following boundary conditions,

te =
2ma

V]zmoo = 0;0|p=—0o = 0;0|t<0 =0

Now we define v as the membrane potential in the spatial frequency domain:

1 [ ,
ok, t) = E/ v(x, t)e” ke dx
—00

Now let’s do Fourier transform on both sides of Equation 13, and we have

o0v L.1r
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When t > 0, the solution of the above equation is given by

21.2 1
_mt>_
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Now for t — 0, we shall use the same trick as we used before by integrating
both sides of the equation from —e to €, where ¢ — 0, and we obtain

~ ~ ~ IeTmrm
Tm|U(€) —V(—€)| = V€ + —F/—+.
3(6) = 3(~) =
Note that v(—¢) = 0, and by taking ¢ — 0, we found A = % As a result,
the membrane potential in the spatial frequency domain is given by
I.rm, A2k% +1
o(k,t) = _elm exp (—+t)
(27r)3a Tm

Next, we shall do the inverse Fourier transform via

v(z,t) = \/%/ ok, t)e* da

Note that we shall use an important formula that the Fourier transform of
Gaussian distribution is still a gaussian. That is

(o)
—ak? i T _ 22
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Now using a = A*t/7,,, the solution for membrane potential is given by

I,

v(zt)= ——————e
(1) 2ra\/AT 2t/ Ty,

Xp (-ﬂ) exp(—t/Tpm). (15)

Now let us discuss the physical meaning of Equation 15. Let us define
a%(t) = 20%t /7y,

and the solution can be rewritten as

(2,1) Iorm 1
v(z,t) = —_—
’ 2ma \/2mo(t)

m2
e 22w et/ Tm, (16)

At given time ¢, the spatial profile of membrane potential v(z) is a gaussian
distribution with variance 2. Note that when ¢t — 0, ¢ — 0, the gaussian
distribution reduces to d(x) . The spatial variance o2(t) increases linearly with
time, and the additional factor exp(—t/7,,) reduces the amplitude of the mem-

brane potential.



At given position x # 0, the membrane potential should have a rising phase
and a decay phase. This allows us to calculate ¢,,4.(2), at which the membrane
potential v is maximized. By taking

Ov
—_ |, — 0
at |t7t'ma:t )

tman () = %’”(\/1 T 422/)2 - 1).

In the limit © > A, tjmee = Tmx/(2X). We could also define an effective wave
propagation speed sy = &/tmaz = 2A/Tm. Recall that the electrotonic length is

we found that

anrm

2pL

, and T, = T Cm, we found that

[ 4 [ 4
Sw = > a = a (17)
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Action potential propagation along an axon

given by A =

Brain size varies dramatically across animal kingdom. To facilitate informa-
tion transmission across different brain areas, it is ideal to increase the speed
of action potential propagation. There are several ways to achieve this goal.
According to Equation 17, s,, ~ a'/2. Therefore, increasing the axonal diam-
eter would be one solution, and this is precisely how the squid giant axon is
designed. Another possibility is to reduce the membrane capacitance. Indeed,
this is how axon myelination works. Many vertebrate axons are wrapped by a
myelin sheath, which are cytoplasmic extensions of glia. The glial cells wrap
around the myelinated axons many times, to form compact myelin consisting
of closely packed glial plasma membranes. From an electrical circuit point of
view, compact myelin is equivalent to having many resistors and capacitances
connected in series. Let’s denote n as the number of layers of glial cell mem-
branes, the total effective resistance would be nr,,, while the total capacitance
would be ¢, /n. As a result, 7, remains unchanged, ¢,, is significantly reduced,
and s,, will dramatically increase.

The above argument is qualitatively reasonable. A quantitative treatment must
also take into account several other factors. For example, the series capaci-
tors do not have the same value: the capacitance is diameter-dependent. For
myelin sheath with radius a, thickness Aa, The capacitance per unit length is
given by ¢,,2mad,,/Aa. Here d,, is the thickness of glial cell membrane, and
dm < Aa < a. For compact myelin sheath with inner radius a; and outer
radius as. The total capacitance per unit length is given by

1 1 /a2 da _In(az/a1)

a e 2md,,

L, a Cm 27 d,



Cm = 21d e/ In(ag/ay).

Thus the total membrane capacitance only has a weak logarithmic dependence
on the ratio of inner and outer diameter of a myelinated axon. The same
argument should also apply to the total membrane resistance per unit length:

T 2 da T,
= _— = 1
Fem 27rdm/ 2mwd,, n(az/a1)

a @

Note that C,,R,, = ¢nrm = Tm remains unchanged, confirming our intuitive
argument.

Now the cable equation should be modified to

ov  ma? d*v v
"ot pr 022 Ry,

Multiplying both sides of the equation by R,, and Plugging in the expression
for R,,, we obtain

o, 0
Tma = mﬁ 7U7I6Rm. (18)
N rma? In(az/ay)
" 2dmpL

Following our previous argument, to maximize the wave propagation speed re-
duces to maximize the electrotonic length A,,. Note it now has a different
expression for a myelinated axon. By setting d\,,/0a; = 0, we found that the
optimal outer to inner diameter ratio is given by a;/as = exp(—1/2) ~ 0.6, and
the corresponding electrotonic length is given by

2
- ’I"m(ll
A = */72%[)”1/2‘ (19)

As we could see, the wave propagation speed s,, ~ A, ~ ap: it scales linearly
with axonal diameter. Indeed, action potentials move at roughly the same speed
(25 m/s) in a myelinated frog axon and an unmyelinated squid giant axon, but
the frog axon has a roughly 30-fold smaller diameter and 1000-fold smaller
cross-sectional area.



